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$|\Phi\rangle$ . , $N\text{ }$ ” \eta ( ,
$|\overline{0})=|000\ldots$ ($N$ ). $.000\rangle$ ) . , $|\Psi\rangle$ $N$
. -
, . - 2
.
(bit-flip error) ; $N$ $s\text{ _{ }}$ ,
$|0\rangle_{s}arrow|1\rangle_{\delta},$ $|1\rangle_{\epsilon}arrow|0\rangle_{*}$
(phave error) : $N$ $s$ $=$ ,
$|0\rangle_{*}arrow|0\rangle_{\delta},$ $|1\rangle$ . $arrow-|1\rangle$.
$(3\rangle$
Pauli . $\sigma^{X}.$ , $\sigma_{l}^{Z}$
. ( $s$ $s$ Pauli . $\rangle$ 2
.
$N$ $\text{ }$ $\text{ _{ }}$ (2)
. .
: $\overline{X}$ $|\overline{\Psi}\rangle$ $arrow\overline{X}|\Phi\rangle$ $=b|0\supset\neg+a|\overline{1}\rangle$
:7 $|\overline{\Psi}\rangle$ $arrow\overline{Z}|\overline{\Psi}\rangle$ $=a|\overline{0}$) $-b|1$}$\neg$ (4)




, $M_{1}$ Pauli $\sigma_{S}^{X},$ $\sigma^{Z}$. ,
$[\mathrm{A}\prime f_{1}, M_{j}]=0$ , $[M_{i},\overline{X}]=0$, $[M_{1},\overline{Z}]=0$ (5)
. $kI_{1}$ | \langle $M_{j}$ stabffiwr
) , = .
. $|\Psi\rangle$
1 . $s$




) 1 $-1$ .
1 , $-1$





. 2 2 (A) (B)
(C) $\sigma^{Z}$ (D) $\sigma^{X}\sigma^{Z}=-i\sigma^{\gamma}$
4 ((A) . $(\mathrm{B})\sim(\mathrm{D})$ 3 Pauli )
. $(\mathrm{B})\sim(\mathrm{D})$ , ( )
( $\text{ _{ }}$ $(\mathrm{A})\sim(\mathrm{D})$
, $(\mathrm{A})\sim(\mathrm{D})$
, $(\mathrm{A})\sim(\mathrm{D})$




Kitaev . ( [7]
) , Kitaev 2 , }$\backslash -$
$[4, 8]$ .
2 $-$ 2 , 2
( 1). ( ) 1
. . ( $-$
, (surface code) )
$N$ , $N\text{ }=$ .




( 2+|bb|2+|c|2+|d|2 $=1$ ) 2 $\text{ }=$ .
$|\overline{\Psi}\rangle=a|0\pi\rangle+b|0\neg 1+c|\Phi+d|1\neg 1$ (7)
. , $N\text{ }=$ .
. 2 ,
$X:=\otimes\sigma_{l}^{X},$ $Z_{P}=\otimes\sigma_{l}^{Z}$ (8)
$i\in\partial l$ $l\in\delta P$
( 2 ). , $X_{j}$ ( ), $Zp$ ( )
. Pauhi . ( $\theta$ )
$[X_{*}., Z_{P}]=0$ , (5)
.
. 2 $\text{ _{ ^{}-}}$
4 , $\overline{X}_{1},$ $\overline{X}_{2},\mathrm{Z}_{1},\overline{z}_{\mathrm{a}}$ . ,
$\overline{X}_{1,2}=\bigotimes_{l\in C\mathrm{x}_{1l}},\sigma_{l}^{x},$ $\overline{Z}_{1,2}=\bigotimes_{\mathrm{t}\epsilon c_{z_{1}}},’\sigma_{l}^{l}$
(9)
, $Cx_{1},x_{l},z_{1},z_{*}$ 2 .
(5) .
, $\overline{X}_{1,2}$ .
$|0\neg 0$ $arrow$ $P,$ $i$ $Z_{\mathrm{P}}|00\rangle$ $=1,$ $X:|00\rangle$ $=1$ 1 .
$|1\neg 0$ $=$ $\overline{X}_{1}|00\rangle$,
$|0\neg 1$ $=$ $\overline{X}_{2}|00\rangle$ ,
$|1\urcorner\rangle$ $=$ $\mathrm{X}_{1}\mathrm{X}_{2}|00\rangle$ . (10)
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3:
( 3 ). ,
4 $|0\neg 0$ , $|\overline{01}$), $|\overline{10}\rangle$ , $|1\neg 1$ 1 . ($\overline{X}$
. ) $\text{ }\mathrm{r}$ $\sigma^{Z}$ .
$X_{i}$ , ” ” ( 3 $E$ ) ( )
$-1$ . , $X_{i}$ $-1$




$\text{ }$ . 3 $E$ ,
$E’$ . $E$ $E’$
. $E$
$E’$ ( ) ,
, $E$ $\sigma^{Z}$ , $E’$
$\sigma^{Z}$ , $\mathrm{K}\ovalbox{\tt\small REJECT}$
$Z_{p}$ ( 3 ).
$Z_{\mathrm{P}}$ 1 , .
.
, $E$ $E’$ $l\cdot-$ 1 (
) ( 3 ). ,
$Z_{\mathrm{p}}$ , ( $\overline{Z_{2}}$) ( 3




















4 , $E$ ( $E’$ )
, , lsing
Boltzmann . Boltzmann




. $ij$ 2 , $J$ ,
$\mathrm{L}\mathrm{s}\mathrm{i}\text{ }$ ( $\pm 1$ ), 1 2 ,
$P$ 1, $1-p$ $-1$ .




. . ( ) Nishimori hhne
.
) $P$ . 1 , $-$ , -
Ising $P$ $T$ 2
, $-$ Nishimod line[9]
$e^{-2K}= \frac{1-p}{P}$ (12)
($K$ $K\equiv\beta J,$ $\beta\equiv T^{-1}$ ) .
. , $(1-p)/p$
, Boltzmann $e^{-K}/e^{K}$ .
Boltzmann , $-$ Ising
. ,
( ) (Nishimori line , 5)
. ( , )





. , 2 $-$ , (11)




. [4] , ( ,
, 1 ) , 3
( $=4$ 2 Ising ,
) . Hamiltonian
$H=-J \sum_{P}\tau_{P}\prod_{\mathrm{t}\epsilon\delta P}S_{l}$ (13)
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. $P$ , $\tau_{P}$ , $s_{\iota}$ } Ising
. Nishimori line
. (














$Z= \sum_{S_{j}=\pm 1}\exp(-\beta H)$ (15)
.
$Z(K)\propto Z(K^{2})$ , $|\mathrm{E}\text{ }e^{-2K}=\tanh$ K. (16)
Kramers-Wannier , $K$ $K$
. , – $K$
$e^{-2K_{\iota}}= \tanh K_{\mathrm{c}}arrow K_{\mathrm{c}}=\frac{1}{2}\log(\sqrt{2}+1)$ (17)
2 Ising ( , ) .
Q ( O ) ,
– . , 2
$\mathrm{I}\mathrm{s}\mathrm{i}\text{ }$ , Boltzmann
Fourier [13] . (
. )
2 Ising .
$\mathrm{I}\epsilon \mathrm{i}\text{ }$ , Potts .
Ising ( $=2$ , $Z_{2}$ ) Wegner








$d$ ( [14] ) , $C$
$d-r$ . ,
(d . r Ising) \leftrightarrow (d . d–r I8ing. ) (19)
, $K_{\mathrm{c}1},$ $K_{\text{ }2}$ , $e^{-2K_{e:1}}=\tanh K_{c1}$
2 Ising . ( ,
1 . ) $d=2r$





$\langle\log Z\rangle=\lim_{narrow 0}\frac{(Z^{n})-1}{n}$ (20)
. (( $\rangle$ . ) –
, ( $Z^{n}\rangle$ , $Z$ $n$ ,
$\langle$ $Z^{n})$ $n$ . ( ,
. )
, $\langle\log Z\rangle$ .
. , ($Z^{n}\rangle$ $n$
, ( ) , $narrow \mathrm{O}$
.
, (18) $d$ $r$ ing 2
, Hamiltonian .
$H=-J \sum_{c}\tau_{C}\prod_{X\in\partial C}S_{X}$. (21)
(18) $\tau_{C}$ $C$ . $P$ 1,
$1-p$ $-1$ .
, $n$ ( $n$ ) $(Z^{\mathfrak{n}})$ .
$\langle Z^{n}\rangle$ Boltzmann $\langle\exp(-\beta H)\rangle$ , Boltzmann
$C$ ( $\mathrm{B}\mathrm{o}\mathrm{l}\mathrm{t}^{r}\mathrm{z}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}$ ) , ($Z^{n}.\rangle$
Boltzmann . Boltzm&nn .
Boltzmann $s_{x}$ $n+1$
. $\mathrm{B}\mathrm{o}\mathrm{l}\mathrm{t}_{4}’$mann $x_{m}$ ($0\leq m\leq n$ )
,
$x_{m},(p,K)=pe^{(n-2m)K}+(1-p)e^{-(n-2m)K}$ (22)
. $m$ $n-m$ $\prod_{x\epsilon\partial C}S_{x=}1,$ $m$ $-1$
Boltzmann .
, $n$ $\langle Z^{n}\rangle$ Boltzmann ,




‘ “ ” Boltzmann Fourier [11] .
, $x_{m},(p, K)$ $x_{m}^{t}(p, K)$ ,
$x_{2m}(p, K)=2\#\mathrm{c}\alpha \mathrm{s}\mathrm{h}^{n}K\tanh^{2m}K$,
$x_{2m+1}^{l}(p, K)=2^{r}\dot{\tau}(2p-1)$ coeh $K\tanh^{2m+1}$ K. (24)
$m$ $0$ ( ). $x_{m}^{l}(p, K)$ $x_{m},(p, K)$ $0\leq m\leq n$
.
(18) (19) , (21)
. (21)
(d . r 2 Ising) $rightarrow$ (d . d–r 2 Ising
) $\langle$25)
.
, ($d=2r$, ) .





$n$ $Z_{n}$ Boltzmann ,
$m$ , $Z_{n}$ ( )
.
, $x_{m},(p, K)$ $x,(mp, K)$ $P$ $K$
, $Z_{n}$
$x_{m},(p_{c}, K_{\mathrm{c}})=x,\cdot(mp_{\mathrm{c}}, K_{\mathrm{c}})$ (27)
$m$ $(p, K)$ $(p_{\mathrm{c}}, K_{\text{ }})$ . (
, [15] $)$
$n=1,2$ $P\neq 1$ , $n\geq 3$ $p=1$ ( )
. ( ) - $n$
$(p, K)$ $P=1$ . ( $=$
) $p\neq 1$ ,
.
, 1 .
$n+1$ , 1 ,
. (27) $m=0$
,
$x_{0},(p_{\mathrm{c}}, K_{\mathrm{c}})=x_{0}^{l}(p_{\text{ }}, K_{\mathrm{c}})$ (28)
$(p_{\text{ }},K_{c})$ .
( ) ,




line , $e^{-2K}=(1-p)/P$ . ,
$(p, K)$ (Nishimod line )




. Nishimori line , n\rightarrow 0 ,
$H(p_{\mathrm{c}})= \frac{1}{2’}$ {$\mathrm{H}\text{ }H(p)\equiv(-p\log p-(1-p)\log(1-p))/\log 2$ (30)
. p , P $P$ $=0.889972\ldots$
( 1 ). $(p, K)$ $P\mathrm{c}$ ,
1 .
2 $\mathrm{L}\mathrm{s}\mathrm{i}\text{ }$ ,
, Gauss , Pottq $(Z_{q}$
) ( Lsing ),




$Z_{1n},$ $Z_{2n}(\equiv((Z_{1})^{n}\rangle), ((Z_{2})^{n}\rangle)$ ,
$Z_{1n}\{x_{\mathit{0}}(p_{1},K_{1}), \ldots x_{n}(\mathrm{p}_{1},K_{1})\}Z_{2n}\{x_{0},(p_{2}, K_{2}\rangle, \ldots x_{n}(p_{2}, K_{2})\}$
$=$ $Z_{1n}\{x_{0}[p_{2},K_{2}), \ldots x_{n}^{l}(p_{2},K_{2})\}Z_{2n}\{x_{!0}^{l}(p_{1},K_{1}), \ldots x_{n}^{l}(p_{1}, K_{1})\}$ (31)
. $p_{1},K_{1}$ $p_{2},$ $K_{2}$ .
. ,
Boltzmann ,
$x_{\mathrm{O}}[p_{\mathrm{c}1}, K_{\mathrm{c}1})x_{0}(p_{\mathrm{c}2}, K_{\mathrm{c}2})=x_{0}(p_{\mathrm{c}1}, K_{\mathrm{c}1})x_{0}(p_{\mathrm{c}2}, K_{\mathrm{c}2})$ (32)
90
. , $(p_{1,2}, K_{1,2})$ Nishimori hne
, 2 . (32)
Nishimori line $narrow \mathrm{O}$ ,
$H(p_{\mathrm{c}1})+H(p_{c2})=1$ (33)











$\frac{(d)\text{ }\overline{\pi}(r)}{\text{ }21\text{ }X\text{ }\mathrm{L}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}0.8900(5)[17]0.889972\ldots[10]}$
2 1 Gauss 1.00(2)[18] 1.021770...[11]
2 1 3 POtt8 $0.079- 0.080[19]$ $0.079731\ldots[11]$
4 2 $0.890(2)[20]$ $0.889972\ldots[8]$
2 1 Ising $0.8355(5)[21]$ $0.835806\ldots[22]$
$32$ $11$ –32$/-\backslash \hslash\hslash \text{ }\mathrm{I}\epsilon \mathrm{i}\mathrm{n}\mathrm{g}\text{ }\mathrm{I}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}$ $09325(5\rangle[21]0:_{7673(3)(=p_{c1})}$ –0.932704...[22]
3 2 $0.967(4)(=p_{\mathrm{c}2})[24]$
I8ing+ $H(p_{c1})+H(p_{\mathrm{c}2})=0.99(2)$ $H(p_{\mathrm{c}1})+H(\mathrm{p}_{\mathrm{c}2})=1$
2 1 $\mathrm{L}$-sing( 1) $0.8265(=p_{a3})[25]$
2 1 I-sing( ) $0.93380(=p_{\mathrm{c}4})[25]$
1 $+$
21 Ising( 2) $H(P\mathrm{c}\epsilon)+H(\mathrm{P}\mathrm{c}4)=0.8149(=p_{\mathrm{c}6})[25]10172$ $-H(p_{\mathrm{c}S})+H(p_{\mathrm{c}4})=1$
2 1 Ising( ) $0.94872(=p_{\mathrm{c}0})[25]$
2 $+$
21 king( 3) $H(p_{\mathrm{c}6})+H(p_{d})=098\mathit{2}90.7527(=p_{\mathrm{c}7})[25]$ $-H(p_{c6})+H(\mathrm{p}_{\mathrm{c}}\epsilon)=1$
2 1 ing( ) $0.97204(=p_{\mathrm{c}8})[25]$
3+
21 Ising $H(p_{c7})+H(p_{\mathrm{c}8})=099110.8902(4)[26]$ $H(p_{\mathrm{c}7})+.H(p_{\mathrm{c}8})=10.889972..[16]$
1: (Nishimori line ) p . Ga1188
Potts 2 . 4
. [22].
.
. ( . -
. ) .
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, . Kitaev 2
, $d=2_{:}r=1$ 2 2 Lsing
, ( ) .
p $1-p_{\mathrm{c}}$ , 2
11% . , 2













11%, , 33% .
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[4] Introduction . )
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